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This paper is concerned with the approximation property which is an important property
in Banach space theory. We show that a Banach space X has the approximation property
if (and only if), for every Banach space Y , the set of ﬁnite rank operators from X to Y is
dense in the corresponding space of compact operators, in the usual topology of uniform
convergence on compact sets.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction and Theorem
Throughout this paper, X and Y are Banach spaces, and X∗ is the dual space of X . B(X, Y ) is the space of bounded
linear operators between X and Y , K(X, Y ) and F(X, Y ), respectively, are the spaces of compact and bounded ﬁnite rank
operators between X and Y . T ∗ is the adjoint operator of an operator T . We denote by τ the topology of compact convergence
on B(X, Y ), which is strictly weaker than the operator norm topology; for a net (Tα) in B(X, Y ) and T ∈ B(X, Y ),
Tα
τ−→ T if and only if sup
x∈K
‖Tαx− T x‖ → 0
for each compact K ⊂ X .
X is said to have the approximation property (AP) if
I X ∈F(X, X)τ ,
where I X is the identity operator on X .
Grothendieck [3] systematically investigated the AP and showed the following.
Fact.
(a) X has the AP if and only if for every Banach space Y , K(Y , X) =F(Y , X).
(b) X∗ has the AP if and only if for every Banach space Y , K(X, Y ) =F(X, Y ).
Here the closures are the operator norm closures.
A simple calculation shows that X has the AP if and only if for every Banach space Y , B(Y , X) =F(Y , X)τ if and only if
for every Banach space Y , B(X, Y ) =F(X, Y )τ (cf. Casazza [1, Theorem 2.5], Lindenstrauss and Tzafriri [5, Theorem 1.e.4]).
Recently Choi, Kim, and Lee [2] showed that X has the AP if and only if for every Banach space Y , K(Y , X) ⊂F(Y , X)τ . In
this paper, we have
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(a) For every Banach space Y ,K(X, Y ) ⊂F(X, Y )τ .
(b) For every separable reﬂexive Banach space Y ,K(X, Y ) ⊂F(X, Y )τ .
(c) For every separable reﬂexive Banach space Y and T ∈K(X, Y ), T ∈ {T S: S ∈F(X, X)}τ .
(d) X has the AP.
2. Proof of Theorem
Since (a) ⇒ (b) and (d) ⇒ (a) are trivial, we must show (b) ⇒ (c) and (c) ⇒ (d). The main tools of the proofs are results
of Grothendieck [3], Lima, Nygaard, and Oja [4], and Oja [7]. In [4], it was shown that if K is an absolutely convex and
weakly compact set in the unit ball BX of X , then there exists a linear subspace Z of X , equipped with a different norm
which makes it a reﬂexive Banach space, such that the formal identity map J : Z → X is a weakly compact operator and
K ⊂ B Z ⊂ BX , moreover, if K is a compact set, then Z is separable and reﬂexive, and J is a compact operator. In the rest
of this paper, we denote by Z the Banach space given by the construction. The following lemma is a consequence of [4,
Theorem 2.2] applied to the operator T ∗ : Y ∗ → X∗ .
Lemma 1. If T ∈ K(X, Y ), then there exist a separable reﬂexive Banach space Z and an operator R : Y ∗ → Z such that T ∗ = J R,
where the formal identity map J : Z → X∗ is a compact operator.
Moreover, Oja [7] showed
Lemma 2. (See [7, Corollary 4.4].) If K is a weakly compact subset of X∗ , then for every Banach space Y ,
F(Y , Z∗)⊂ { J∗Q X S: S ∈F(Y , X)
}
,
where the closure is the operator norm closure and Q X : X → X∗∗ is the natural isometry.
We also need the following lemmas.
Lemma 3. (See [3].) (B(X, Y ), τ )∗ consists of all functionals ϕ of the form ϕ(T ) =∑n y∗n(T xn), where (xn) ⊂ X, (y∗n) ⊂ Y ∗ , and∑
n ‖xn‖‖y∗n‖ < ∞.
Lemma 4. (See [6, Corollary 2.2.20].) Let (V ,T ) be a locally convex space and let x ∈ V . Suppose that W is a subspace of V . Then the
following are equivalent.
(a) x ∈ W T .
(b) For every f ∈ (V ,T )∗ so that f (y) = 0 for all y ∈ W , we have f (x) = 0.
We are now ready to prove (b) ⇒ (c) and (c) ⇒ (d).
(b) ⇒ (c). Under the assumption (b), we will show (c) for an arbitrary Banach space Y . Let Y be a Banach space and
let T ∈ K(X, Y ). Let Z be the separable reﬂexive Banach space and let R, J be the operators in Lemma 1. Then by the
assumption and Lemma 2
J∗Q X ∈F
(
X, Z∗
)
τ = { J∗Q X S: S ∈F(X, X)
}
τ .
Thus there exists a net (Sα) ⊂F(X, X) so that
J∗Q X Sα
τ−→ J∗Q X .
Therefore for every compact K ⊂ X we have
sup
x∈K
‖T Sαx− T x‖ = sup
x∈K
‖QY T Sαx− QY T x‖ = sup
x∈K
∥∥(T Sα)∗∗Q Xx− T ∗∗Q Xx
∥∥= sup
x∈K
∥∥( J R)∗S∗∗α Q Xx− ( J R)∗Q Xx
∥∥
= sup
x∈K
∥∥( J R)∗Q X Sαx− ( J R)∗Q Xx
∥∥
∥∥R∗
∥∥ sup
x∈K
∥∥ J∗Q X Sαx− J∗Q Xx
∥∥→ 0.
Hence T ∈ {T S: S ∈F(X, X)}τ .
(c) ⇒ (d). Let (xn) ⊂ X and (x∗n) ⊂ X∗ so that
∑
n ‖xn‖‖x∗n‖ < ∞ and
∑
n x
∗
n(T xn) = 0 for every T ∈ F(X, X). We will
show that
∑
n x
∗
n(xn) = 0. We may assume that for every n, ‖x∗n‖ 1, x∗n → 0, and
∑
n ‖xn‖ < ∞. Since the closed absolutely
convex hull abco({x∗n}) of {x∗n} is compact set in BX∗ , by the result of [4] there exists a separable reﬂexive Banach space Z
so that the identity map J : Z → X∗ is compact and abco({x∗n}) ⊂ B Z . By the assumption
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{
J∗Q X S: S ∈F(X, X)
}
τ ⊂ B(X, Z∗).
Since
∑
n Q Z (x
∗
n)(·)xn ∈ (B(X, Z∗), τ )∗ and for every S ∈F(X, X),
∑
n
Q Z
(
x∗n
)(
J∗Q X Sxn
)=
∑
n
(
J∗Q X Sxn
)(
x∗n
)=
∑
n
(Q X Sxn) J
(
x∗n
)=
∑
n
Q X Sxn
(
x∗n
)=
∑
n
x∗n(Sxn) = 0,
we have
0 =
∑
n
Q Z
(
x∗n
)(
J∗Q Xxn
)=
∑
n
(
J∗Q Xxn
)(
x∗n
)=
∑
n
(Q Xxn) J
(
x∗n
)=
∑
n
(Q Xxn)
(
x∗n
)=
∑
n
x∗n(xn).
By Lemmas 3 and 4, I X ∈F(X, X)τ . Hence X has the AP.
3. Remarks
In [7], the following variant of [7, Corollary 4.4] was shown.
Lemma 5. (See [7, Corollary 4.3].) If K is a weakly compact subset of X , then for every Banach space Y ,F(Z , Y ) ⊂ {S J : S ∈F(X, Y )}.
We now extend Fact. Suppose that X has the AP. Let Y be a Banach space and let T ∈ K(Y , X). Then by the result
of [4] there exist a separable reﬂexive Banach space Z and an operator R : Y → Z so that T = J R , where the identity map
J : Z → X is compact. Since X has the AP, by Fact (a) and Lemma 5
J ∈F(Z , X) = {S J : S ∈F(X, X)}.
Thus there exists a sequence (Sn) ⊂F(X, X) so that ‖Sn J − J‖ → 0. Then we have
‖SnT − T‖ = ‖Sn J R − J R‖ ‖R‖‖Sn J − J‖ → 0.
Therefore T ∈ {ST : S ∈F(X, X)}. We have shown that
X has the AP if and only if for every Banach space Y and T ∈K(Y , X),
T ∈ {ST : S ∈F(X, X)}.
Finally, from the proof of Theorem (b) ⇒ (c) and Fact (b), we have the following:
X∗ has the AP if and only if for every Banach space Y and T ∈K(X, Y ),
T ∈ {T S: S ∈F(X, X)}.
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